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We present the asymptotic behavior of the coexistence states near the point of bifurcation
from inﬁnity of the form⎧⎪⎪⎨
⎪⎪⎩
−u = u(a − u) − buv
u + e in Ω,
−v = cv + duv
u + e in Ω
(0.1)
subject to homogeneous Dirichlet boundary condition. Here Ω ⊂ RN (N  1) is a smooth
and bounded domain, a, b, d and e are positive real numbers, while c ∈ R. Our results
complement and eventually sharpen the ﬁndings of our previous results [J. Zhou, C.L. Mu,
Coexistence states of a Holling type-II predator–prey system, J. Math. Anal. Appl. 369 (2)
(2010) 555–563].
© 2010 Elsevier Inc. All rights reserved.
1. Main results
Let Ω ⊂ RN (N  1) be a bounded domain with a smooth boundary ∂Ω . In [1], we were concerned with semilinear
elliptic problems of the following type:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
−u = u(a − u) − buv
u + e in Ω,
−v = cv + duv
u + e in Ω,
u  0, v  0 in Ω,
u = v = 0, on ∂Ω,
(1.1)
where a, b, d and e are positive real numbers, while c ∈R. We got the following results:
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λ1
(
− dθ
θ + e
)
< c < λ1, (1.2)
where λ1(q(x)) denotes the ﬁrst eigenvalue of the following eigenvalue problem:{
−φ + q(x)φ = λφ in Ω,
φ = 0, on ∂Ω (1.3)
for q(x) ∈ C(Ω¯), λ1 = λ1(0) and θ denotes the unique positive solution of the following elliptic problem:{
−ψ = ψ(a − ψ) in Ω,
ψ = 0, on ∂Ω. (1.4)
Remark 1.2. In [1], we conclude ‖v‖L∞(Ω) → ∞ as c → λ1 by using the following three equalities or inequalities:
(i) v = d
b
(−u + (− − c)−1(u(a − c − u))),
(ii) ‖v‖L∞(Ω) 
∥∥∥∥db (− − c)−1
(
a(a − c))∥∥∥∥
L∞(Ω)
,
(iii) lim
c→λ1
∥∥∥∥db (− − c)−1
(
a(a − c))∥∥∥∥
L∞(Ω)
= ∞.
Here, we must point out that (i)–(iii) can’t lead to limc→λ1 ‖v‖L∞(Ω) = ∞ since limc→λ1 u = 0, which will be proved in this
paper.
Based upon the above reasons, in this paper, we will re-prove the conclusion limc→λ1 ‖v‖L∞(Ω) = ∞ and our main results
are as follows:
Theorem 1.3. Fix a > λ1 and b, d, e be positive constants. Let {cn}∞n=1 be a sequence such that
λ1
(
− dθ
θ + e
)
< cn < λ1, lim
n→∞ cn = λ1. (1.5)
For each n  1, let (cn,un, vn) be a coexistence state of (1.1). Then limn→∞ un = 0 uniformly in Ω¯ , limn→∞ ‖vn‖L∞(Ω) = ∞ and
limn→∞ vn‖vn‖L∞(Ω) = ϕ1(x) in C2(Ω¯), where ϕ1(x) is the eigenfunction corresponding to λ1 such that ‖ϕ1‖L∞(Ω) = 1.
2. Proof of Theorem 1.3
We ﬁrst prove limn→∞ ‖vn‖L∞(Ω) = ∞. We suppose on the contrary that there is a sequence {vn}∞n=1, again labeled{vn}∞n=1 such that ‖vn‖L∞(Ω) is bounded. Together with ‖un‖L∞(Ω)  a, the standard regularity theory for elliptic equa-
tions and embedding theorem [2], it follows from the equations of (1.1) that (taking a further subsequence if necessary)
(un, vn) → (u∗, v∗) in C2(Ω¯) × C2(Ω¯), where (u∗, v∗) is a non-negative solution of the following problem:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−u = u(a − u) − buv
u + e in Ω,
−v = λ1v + duv
u + e in Ω,
u = v = 0, on ∂Ω.
(2.1)
Taking the results of Theorem 1.1, we see that (u∗, v∗) is not a coexistence state of (2.1). That is to say, (u∗, v∗) is a trivial
or a semi-trivial solution of (2.1). So (u∗, v∗) takes the following three forms:
(i) (u∗, v∗) = (0,0);
(ii) (u∗, v∗) = (θ,0);
(iii) (u∗, v∗) = (0,ϕ1).
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vn‖vn‖L∞(Ω) . Thus, ‖u˜n‖L∞(Ω) = 1,
‖v˜n‖L∞(Ω) = 1 and (u˜n, v˜n) satisﬁes⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−u˜n = au˜n − unu˜n − bvnu˜n
un + e in Ω,
−v˜n = cn v˜n + dun v˜n
un + e in Ω,
u˜n = v˜n = 0, on ∂Ω.
(2.2)
If (u∗, v∗) = (0,0), from (2.2), choosing a further subsequence if necessary, the standard argument allows us to conclude
that (u˜n, v˜n) → (u˜, v˜) in C2(Ω¯) × C2(Ω¯). Further u˜ with ‖u˜‖L∞(Ω) = 1 satisﬁes{
−u˜ = au˜ in Ω,
u˜ = 0, on ∂Ω. (2.3)
So, a = λ1, which contradicts to a > λ1.
If (u∗, v∗) = (θ,0), from (2.2), choosing a further subsequence if necessary, the standard argument allows us to conclude
that (u˜n, v˜n) → (uˆ, vˆ) in C2(Ω¯) × C2(Ω¯). Further (uˆ, vˆ) with ‖uˆ‖L∞(Ω) = ‖vˆ‖L∞(Ω) = 1 satisﬁes⎧⎪⎪⎨
⎪⎪⎩
−uˆ = auˆ − θ uˆ in Ω,
−vˆ = λ1 vˆ + dθ vˆ
θ + e in Ω,
uˆ = vˆ = 0, on ∂Ω.
(2.4)
So, λ1 = λ1(− dθθ+e ), which is contradicts to λ1(− dθθ+e ) < λ1.
If (u∗, v∗) = (0,ϕ1), we let u˘n = un‖un‖L∞(Ω)+‖vn‖L∞(Ω) , v˘n =
vn‖un‖L∞(Ω)+‖vn‖L∞(Ω) . Thus, ‖u˘n‖L∞(Ω) + ‖v˘n‖L∞(Ω) = 1 and
(u˘n, v˘n) satisﬁes⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−u˘n = au˘n − unu˘n − bvnu˘n
un + e in Ω,
−v˘n = cn v˘n + dvnu˘n
un + e in Ω,
u˘n = v˘n = 0, on ∂Ω.
(2.5)
From (2.5), choosing a further subsequence if necessary, the standard argument allows us to conclude that (u˘n, v˘n) → (u˘, v˘)
in C2(Ω¯) × C2(Ω¯). Further (u˘, v˘) with ‖u˘‖L∞(Ω) + ‖v˘‖L∞(Ω) = 1 satisﬁes⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−u˘ = au˘ − bϕ1u˘
e
in Ω,
−v˘ = λ1 v˘ + dϕ1u˘
e
in Ω,
u˘ = v˘ = 0, on ∂Ω.
(2.6)
So, −(du˘ + bv˘) = adu˘ + λ1bv˘ > λ1(du˘ + bv˘), which is contradicts to λ1 is the ﬁrst eigenvalue of − subject to homoge-
neous Dirichlet boundary condition.
Hence, our analysis veriﬁes limn→∞ ‖vn‖L∞(Ω) = ∞.
Next, we will prove limn→∞ vn‖vn‖L∞(Ω) = ϕ1(x). Let v¯n =
vn‖vn‖L∞(Ω) , then (v¯n,un) solves⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−un = un(a − un) − bunvn
un + e in Ω,
−v¯n = cn v¯n + dun v¯n
un + e in Ω,
un = v¯n = 0, on ∂Ω.
(2.7)
Noticing ‖un‖L∞(Ω)  a, again by the standard theory for elliptic equation, the second equation of (2.7) yields, up to a
subsequence, that v¯n → v¯ in C2(Ω¯) as n → ∞. Owing to L∞(Ω) ↪→ L2(Ω) compactly, we may also assume that un → u∗
in L2(Ω) for some u∗ ∈ L∞(Ω). Moreover, v¯ solves the following problem in distribution:⎧⎨
⎩−v¯ = λ1 v¯ +
du∗ v¯
u∗ + e in Ω,
v¯ = 0, on ∂Ω.
(2.8)
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of Ω . However, to determine v¯ = ϕ1, we have to recall (i) in Remark 1.2 and set w¯n = wn‖wn‖L∞(Ω) , where wn = vn +
d
b un .
Then, ‖un‖L∞(Ω)  a and limn→∞ ‖vn‖L∞(Ω) = ∞ imply limn→∞ ‖wn‖L∞(Ω) = ∞ and w¯n satisﬁes⎧⎨
⎩
−w¯n = cn w¯n + (a − cn − un) un‖wn‖L∞(Ω) in Ω,
w¯n = 0, on ∂Ω.
(2.9)
The regularity argument gives, up to a sequence, that w¯n → w¯ in C2(Ω¯) as n → ∞, and w¯ with ‖w¯‖L∞(Ω) = 1 is a positive
solution of{
−w¯ = λ1 w¯ in Ω,
w¯ = 0, on ∂Ω. (2.10)
Consequently, w¯(x) = ϕ1(x). According to the deﬁnitions of v¯n and w¯n , we have v¯n = ‖wn‖L∞(Ω)‖vn‖L∞(Ω) w¯n −
dun
b‖vn‖L∞(Ω) , which
apparently indicates v¯ = ϕ1. Since v¯ = ϕ1, we get u∗ = 0 from (2.8). The proof is completed. 
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